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N-Phase Elliptical
Inhomogeneities With Internal
Uniform Stresses in Plane
Elasticity
We investigate the problem of an N-phase elliptical inhomogeneity in plane elasticity. The
elliptical inhomogeneity is bonded to the unbounded matrix through the intermediate
�N�2� interphases, and the matrix is subjected to remote uniform stresses. We observe
that the stress field inside the elliptical inhomogeneity is still uniform when the following
two conditions are satisfied: (i) The formed interfaces are �N�1� confocal ellipses, and
(ii) the interphases and the matrix possess the same shear modulus but different Poisson’s
ratios. In Appendixes A and B, we also discuss an arbitrary number of interacting
arbitrary shaped inhomogeneities embedded in an infinite matrix, and an N-phase inho-
mogeneity with �N�1� interfaces of arbitrary shape. Here all the phases comprising the
composite possess the same shear modulus but different Poisson’s ratios. The results in
the main body and in Appendixes A and B are further extended in Appendix C to finite
plane strain deformations of compressible hyperelastic harmonic materials.
�DOI: 10.1115/1.4000929�

Keywords: layered elliptical inhomogeneity, uniform stress field, arbitrary shaped
inhomogeneity, singularity, analytic continuation
Introduction

It has been found that the stress field inside an N-phase ellipti-
al inhomogeneity is uniform when the formed interfaces are con-
ocal ellipses and when the matrix is subjected to remote uniform
ntiplane shear stresses �1�. This conclusion, however, is usually
ot valid when the same layered structure is subjected to remote
niform in-plane stresses. For example, even the stress field
ithin a three-phase concentric circular inhomogeneity is intrinsi-

ally nonuniform when the matrix is subjected to remote uniform
onhydrostatic in-plane stresses �2,3�. Only when the relative
hickness of the interphase layer and the aspect ratio of the ellip-
ical inhomogeneity satisfy a relationship for given remote
tresses will the internal stress field of a three-phase inhomogene-
ty be uniform and hydrostatic �4�. The main purpose of this re-
earch is to probe the existence of a uniform �but not necessarily
ydrostatic� stress field within an N-phase elliptical inhomogene-
ty under in-plane deformations in the absence of the thickness
nd aspect ratio relationship in Ref. �4�.

On the other hand, when discussing the problem of an isolated
rbitrary shaped inhomogeneity, it is necessary to use the Faber
olynomials to calculate the elastic field in the composite �5�.
urthermore it seems intractable to analytically solve the problem
f interacting arbitrary shaped inhomogeneities. In Appendix A,
e find that strikingly simple solutions still exist for interacting

rbitrary shaped inhomogeneities when the inhomogeneities and
he surrounding matrix possess the same shear modulus but dif-
erent Poisson’s ratios. Particularly it is observed that the stress
eld inside an isolated inhomogeneity can be conveniently deter-
ined. As an extension, in Appendix B, we address an N-phase

nhomogeneity with �N−1� interfaces of arbitrary shape. Here the
omposite possesses a constant shear modulus. It is observed that
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�i� the internal stresses are still uniform when all the interfaces are
ellipses �here the elliptical interfaces are not confined to confocal
and the centers of the ellipses are not necessarily common�, and
�ii� the uniformity of the internal stresses for a multiphase inho-
mogeneity with nonelliptical interfaces is possible. Finally, in Ap-
pendix C, we discuss a composite made up of compressible hy-
perelastic harmonic materials.

2 Formulation
For plane deformations of an isotropic elastic material, the in-

plane displacements u and v, the two resultant forces Fx and Fy,
and the in-plane stresses �xx, �yy, and �xy can be expressed in
terms of two analytic functions ��z� and ��z� of the complex
variable z=x+ iy as �6�

2��u + iv� = ���z� − z���z� − ��z�

Fx + iFy = − i���z� + z���z� + ��z�� �1�

�xx + �yy = 2����z� + ���z��

�yy − �xx + 2i�xy = 2�z̄���z� + ���z�� �2�

where �=3–4� for plane strain, which is assumed in this inves-
tigation, and �= �3−�� / �1+�� for plane stress; � and �, where
��0 and 0	�
0.5, are the shear modulus and Poisson’s ratio,
respectively.

We consider an N-phase elliptical inhomogeneity with �N−1�
confocal interfaces. Let S1, Sm �m=2��N−1��, and SN denote the
inhomogeneity, the �N−2� interphases, and the unbounded matrix,
all of which are perfectly bonded through the �N−1� confocal
interfaces �m �m=1��N−1��. The phase numbers are sequen-
tially ordered from 1 for the innermost inhomogeneity to N for the
outermost matrix, and the interface �m is formed by Sm and Sm+1.
The inhomogeneity is centered at the origin and its major and
minor axes are along the x and y axes, respectively. In the follow-

ing discussions the subscripts 1, m �m=2��N−1��, and N are
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sed to identify the associated quantities in S1, Sm �m=2��N
1��, and SN. In this work we confine our attention to the case in
hich the �N−2� interphases and the matrix possess the same

hear modulus; i.e., �m=�N �m=2��N−1��. Here we point out
hat the assumption of equal shear modulus has been adopted in
iterature to arrive at analytical solutions �see, for example, Refs.
7,8��. The common foci of the �N−1� confocal interfaces are at
= �c. Now we consider the following conformal mapping:

z = 
��� =
c

2
�� + �−1� �3�

hich maps the segment �−c , c� onto the unit circle in the
-plane, and the interfaces �m �m=1��N−1�� onto �N−1� co-
xial circles with radii Rm �m=1��N−1��. For convenience we
rite �i���=�i�
���� , �i���=�i�
���� �i=1�N�.

The Internal Uniform Stress Field
There are in total �N−1� interfaces �m �m=1��N−1�� in the

omposite. Among these interfaces, the �N−2� interfaces �m �m
2��N−1�� are simpler to treat because the adjacent phases

orming any one of the �N−2� interfaces possess the same shear
odulus. The continuity conditions of tractions and displacements

cross the interfaces ���=Rm �m=2��N−1�� can be expressed as

�m��� +

���

����

�m� ��� + �m��� = �m+1��� +

���

����

�m+1� ��� + �m+1���

�m�m��� −

���

����

�m� ��� − �m��� = �m+1�m+1��� −

���

����

�m+1� ���

− �m+1���

��� = Rm �m = 2 � �N − 1�� �4�

Adding the two expressions in Eq. �4� together, we arrive at

��m + 1��m��� = ��m+1 + 1��m+1���, ��� = Rm �m = 2 � �N − 1��
�5�

We then introduce an analytic function �0��� defined by

�0��� =
�m + 1

�N + 1
�m��� �m = 2 � N� �6�

Apparently �0��� is continuous across the interfaces ���=Rm

m=2��N−1�� and then analytic within the region ����R1 ex-
ept at infinity. The singular behavior of �0��� at infinity is

�0��� = A� + o�1�, ��� → � �7�

here the real constant A is related to the remote uniform stresses
hrough A=c��xx

� +�yy
� � /8. By using Eq. �6�, then the interface

onditions in Eq. �4� can be re-expressed into

�m��� + ��N + 1

�m + 1
−

�N + 1

�m+1 + 1
��̄0�Rm

2 /��

= �m+1��� + � �N + 1

�m+1 + 1
−

�N + 1

�m + 1
� 
̄�Rm

2 /��

����

�0����

��� = Rm �m = 2 � �N − 1�� �8�

In view of Eq. �8�, we then introduce another analytic function

0��� defined by
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�0��� = �2��� + 	
j=2

N−1 ��N + 1

� j + 1
−

�N + 1

� j+1 + 1
��̄0�Rj

2/��

= �m��� + 	
j=m

N−1 ��N + 1

� j + 1
−

�N + 1

� j+1 + 1
��̄0�Rj

2/��

− 	
j=2

m−1 ��N + 1

� j + 1
−

�N + 1

� j+1 + 1
� 
̄�Rj

2/��

����

�0����

�m = 3 � �N − 1��

= �N��� − 	
j=2

N−1 ��N + 1

� j + 1
−

�N + 1

� j+1 + 1
� 
̄�Rj

2/��

����

�0���� �9�

It can be easily observed that �0��� is also continuous across
the interfaces ���=Rm �m=2��N−1�� and then analytic within the
region ����R1 except at infinity. The singular behavior of �0��� at
infinity is

�0��� = 
B − A	
j=2

N−1

Rj
−2��N + 1

� j + 1
−

�N + 1

� j+1 + 1
��� + o�1�, ��� → �

�10�

where the complex constant B is related to the remote uniform
stresses through B=c��yy

� −�xx
� +2i�xy

� � /4.
To ensure the uniform stress field inside the elliptical inhomo-

geneity, we have to assume that �1��� and �1��� must take the
following forms:

�1��� = D�� + �−1�, �1��� = E�� + �−1� �11�

where D and E are two constants to be determined. Our task
below is to determine D and E. The continuity conditions of trac-
tions and displacements across the inner interface ���=R1 can be
expressed into

�2��� +

���


̄��R1
2/��

�̄2��R1
2/�� + �̄2�R1

2/��

= �D + D̄ + R1
−2Ē�� + �D + D̄ + R1

2Ē��−1

�2�2��� −

���


̄��R1
2/��

�̄2��R1
2/�� − �̄2�R1

2/��

= ���1D − D̄ − R1
−2Ē�� + ���1D − D̄ − R1

2Ē��−1, ��� = R1

�12�

where �=�N /�1. The above can be equivalently expressed in
terms of �0��� and �0��� as

�N + 1

�2 + 1
�0��� − 	

j=2

N−1 ��N + 1

� j + 1
−

�N + 1

� j+1 + 1
��0�Rj

2

R1
2�� − A
�N + 1

�2 + 1

− 	
j=2

N−1
Rj

2

R1
2��N + 1

� j + 1
−

�N + 1

� j+1 + 1
��� + 
R1

2B̄ + A
�N + 1

�2 + 1

− AR1
2	

j=2

N−1

Rj
−2��N + 1

� j + 1
−

�N + 1

� j+1 + 1
� − �D + D̄ + R1

2Ē���−1

= − �̄0�R1
2/�� −

�N + 1

�2 + 1


���

̄��R1

2/��
�̄0��R1

2/�� − 
A
�N + 1

�2 + 1

− 	
N−1

Rj
2

R1
2��N + 1

� j + 1
−

�N + 1

� j+1 + 1
�� − �D + D̄ + R1

−2Ē��� + 
R1
2B̄
j=2

Transactions of the ASME

 license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



a
i
a
b

c

J

Downlo
+ A
�N + 1

�2 + 1
− AR1

2	
j=2

N−1

Rj
−2��N + 1

� j + 1
−

�N + 1

� j+1 + 1
���−1, ��� = R1

�13�

�2��N + 1�
�2 + 1

�0��� + 	
j=2

N−1 ��N + 1

� j + 1
−

�N + 1

� j+1 + 1
��0�Rj

2

R1
2��

− A
�2��N + 1�
�2 + 1

+ 	
j=2

N−1
Rj

2

R1
2��N + 1

� j + 1
−

�N + 1

� j+1 + 1
��� − 
R1

2B̄

+ A
�N + 1

�2 + 1
− AR1

2	
j=2

N−1

Rj
−2��N + 1

� j + 1
−

�N + 1

� j+1 + 1
� + ���1D − D̄

− R1
2Ē���−1 = �̄0�R1

2/�� +
�N + 1

�2 + 1


���

̄��R1

2/��
�̄0��R1

2/��

− 
A
�2��N + 1�
�2 + 1

+ 	
j=2

N−1
Rj

2

R1
2��N + 1

� j + 1
−

�N + 1

� j+1 + 1
�� − ���1D

− D̄ − R1
−2Ē��� − 
R1

2B̄ + A
�N + 1

�2 + 1
− AR1

2	
j=2

N−1

Rj
−2��N + 1

� j + 1

−
�N + 1

� j+1 + 1
���−1, ��� = R1 �14�

Apparently the left-hand side of Eq. �13� and that of Eq. �14�
re analytic outside the circle ���=R1 including the point at infin-
ty, while the right-hand side of Eq. �13� and that of Eq. �14� are
nalytic within the circle ���=R1. Consequently the two sides of
oth Eqs. �13� and �14� should be identically zero such that

�N + 1

�2 + 1
�0��� − 	

j=2

N−1 ��N + 1

� j + 1
−

�N + 1

� j+1 + 1
��0�Rj

2

R1
2�� = A
�N + 1

�2 + 1

− 	
j=2

N−1
Rj

2

R1
2��N + 1

� j + 1
−

�N + 1

� j+1 + 1
��� − 
R1

2B̄ + A
�N + 1

�2 + 1

− A	
N−1

R1
2

Rj
2��N + 1

� j + 1
−

�N + 1

� j+1 + 1
� − �D + D̄ + R1

2Ē���−1 �15�

j=2

onstants D and E:

ournal of Applied Mechanics
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�̄0�R1
2/�� +

�N + 1

�2 + 1


���

̄��R1

2/��
�̄0��R1

2/�� = −�A
�N + 1

�2 + 1

− 	
j=2

N−1
Rj

2

R1
2��N + 1

� j + 1
−

�N + 1

� j+1 + 1
�� − �D + D̄ + R1

−2Ē�
� + 
R1
2B̄

+ A
�N + 1

�2 + 1
− A	

j=2

N−1
R1

2

Rj
2��N + 1

� j + 1
−

�N + 1

� j+1 + 1
���−1 �16�

�2��N + 1�
�2 + 1

�0��� + 	
j=2

N−1 ��N + 1

� j + 1
−

�N + 1

� j+1 + 1
��0�Rj

2

R1
2��

= A
�2��N + 1�
�2 + 1

+ 	
j=2

N−1
Rj

2

R1
2��N + 1

� j + 1
−

�N + 1

� j+1 + 1
��� + 
R1

2B̄

+ A
�N + 1

�2 + 1
− A	

j=2

N−1
R1

2

Rj
2��N + 1

� j + 1
−

�N + 1

� j+1 + 1
�

+ ���1D − D̄ − R1
2Ē���−1 �17�

�̄0�R1
2/�� +

�N + 1

�2 + 1


���

̄��R1

2/��
�̄0��R1

2/�� = 
A
�2��N + 1�
�2 + 1

+ 	
j=2

N−1
Rj

2

R1
2��N + 1

� j + 1
−

�N + 1

� j+1 + 1
�� − ���1D − D̄ − R1

−2Ē���

+ 
R1
2B̄ + A

�N + 1

�2 + 1
− A	

j=2

N−1
R1

2

Rj
2��N + 1

� j + 1
−

�N + 1

� j+1 + 1
���−1

�18�

The solutions of �0��� can be easily obtained from Eqs. �15�
and �17� as
�0��� = A� −

R1
2B̄ + A

�N + 1

�2 + 1
− A	

j=2

N−1
R1

2

Rj
2��N + 1

� j + 1
−

�N + 1

� j+1 + 1
� − �D + D̄ + R1

2Ē�

�N + 1

�2 + 1
− 	

j=2

N−1
R1

2

Rj
2��N + 1

� j + 1
−

�N + 1

� j+1 + 1
�

�−1 �19�

�0��� = A� +

R1
2B̄ + A

�N + 1

�2 + 1
− A	

j=2

N−1
R1

2

Rj
2��N + 1

� j + 1
−

�N + 1

� j+1 + 1
� + ���1D − D̄ − R1

2Ē�

�2��N + 1�
�2 + 1

+ 	
j=2

N−1
R1

2

Rj
2��N + 1

� j + 1
−

�N + 1

� j+1 + 1
�

�−1 �20�

In fact, the above two expressions of �0��� must be exactly the same, then we arrive at the following relationship between the two
JULY 2010, Vol. 77 / 041018-3
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−

R1
2B̄ + A

�N + 1

�2 + 1
− A	

j=2

N−1
R1

2

Rj
2��N + 1

� j + 1
−

�N + 1

� j+1 + 1
� − �D + D̄ + R1

2Ē�

�N + 1

�2 + 1
− 	

j=2

N−1
R1

2

Rj
2��N + 1

� j + 1
−

�N + 1

� j+1 + 1
�

=

R1
2B̄ + A

�N + 1

�2 + 1
− A	

j=2

N−1
R1

2

Rj
2��N + 1

� j + 1
−

�N + 1

� j+1 + 1
� + ���1D − D̄ − R1

2Ē�

�2��N + 1�
�2 + 1

+ 	
j=2

N−1
R1

2

Rj
2��N + 1

� j + 1
−

�N + 1

� j+1 + 1
�

�21�

In addition the two expressions of �̄0�R1
2 /��+ ���N+1� / ��2+1���
��� / �
̄��R1

2 /�����̄0��R1
2 /�� obtained in Eqs. �16� and �18� also must

e exactly the same; we then obtain the following simple relationship between D and E:

E =
R1

2�1 + ��1�
� − 1

D̄ − R1
2D +

AR1
2��N + 1�
1 − �

�22�

The two constants D and E can then be uniquely obtained from Eqs. �21� and �22� as follows:

Re�D� =

R1
2�� − 1�Re�B� + A��N + 1�
R1

4 + �� − 1��R1
4 + 1�
 1

�1 + 1
− 	

j=1

N−1
R1

2

Rj
2� 1

� j + 1
−

1

� j+1 + 1
���

2�� − 1� + R1
4�2 + ��1 − �� + �� − 1��2 + ��1 − ���R1

4 − 1�
 1

�1 + 1
− 	

j=1

N−1
R1

2

Rj
2� 1

� j + 1
−

1

� j+1 + 1
��

Im�D� =
R1

2�1 − ��Im�B�

���1 + 1�
R1
4 + �� − 1��R1

4 − 1�
 1

�1 + 1
− 	

j=1

N−1
R1

2

Rj
2� 1

� j + 1
−

1

� j+1 + 1
��� �23�

Re�E� =

R1
4�2 + ��1 − ��Re�B� − 2R1

2A��N + 1�
1 − �2 + ��1 − ��
 1

�1 + 1
− 	

j=1

N−1
R1

2

Rj
2� 1

� j + 1
−

1

� j+1 + 1
���

2�� − 1� + R1
4�2 + ��1 − �� + �� − 1��2 + ��1 − ���R1

4 − 1�
 1

�1 + 1
− 	

j=1

N−1
R1

2

Rj
2� 1

� j + 1
−

1

� j+1 + 1
��

Im�E� =
R1

4 Im�B�

R1
4 + �� − 1��R1

4 − 1�
 1

�1 + 1
− 	

j=1

N−1
R1

2

Rj
2� 1

� j + 1
−

1

� j+1 + 1
�� �24�

The uniform stress field within the elliptical inhomogeneity is given by

�xx =
4 Re�D� − 2 Re�E�

c
, �yy =

4 Re�D� + 2 Re�E�
c

�xy =
2 Im�E�

c
=

R1
4�xy

�

R1
4 + �� − 1��R1

4 − 1�
 1

�1 + 1
− 	

j=1

N−1
R1

2

Rj
2� 1

� j + 1
−

1

� j+1 + 1
�� �25�

In addition the rigid-body rotation of the elliptical inhomogeneity can also be explicitly determined as

� =
��1 + 1� Im�D�

c�1
=

R1
2�1 − ���xy

�

2�1�
R1
4 + �� − 1��R1

4 − 1�
 1

�1 + 1
− 	

j=1

N−1
R1

2

Rj
2� 1

� j + 1
−

1

� j+1 + 1
��� �26�

hich is always zero when �=1 or �1=�N.
The condition for the internal uniform stress field to be hydro-
tatic is E=0, or equivalently

�yy
� − �xx

�

�xx
� + �yy

� = R1
−2��N + 1�
 �1 − ����1 − 1�

��1 + 1��2 + ��1 − ��

+ 	
j=1

N−1
R1

2

Rj
2� 1

� j + 1
−

1

� j+1 + 1
��, �xy

� = 0 �27�
For N=3, the above condition reduces to
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R1
2�yy

� − �xx
�

�xx
� + �yy

�

=
��3 + 1���2 − 1 − ��1 + �� + ���3 − �2��2 + ��1 − ��

��2 + 1��2 + ��1 − ��
�28�

where �=R1
2 /R2

2. Equation �28� just recovers Ru’s result �4� for
the case of �2=1.
Now that we have determined the two constants D and E, as a
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esult the two introduced analytic functions �0��� and �0��� have
een completely obtained. The original analytic functions �m���
nd �m��� �m=2�N� defined in the interphases and in the matrix
an then be determined from Eqs. �6� and �9�.

Conclusions and Discussions
We derived the internal uniform stresses and rigid-body rotation

or an N-phase elliptical inhomogeneity with �N−1� confocal el-
iptical interfaces subjected to remote uniform in-plane stresses. In
his research we only considered the case in which the interphases
nd the matrix possess the same shear modulus. In fact, the inter-
al stress field is also uniform when the interphases and the inho-

ogeneity possess the same shear modulus. In this case the mean

nterfaces �i �i=1−N� can be expressed into

ournal of Applied Mechanics
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stress ��xx+�yy� is constant within each interphase. The conclu-
sion of the uniform stress field inside the elliptical inhomogeneity
is still valid in a more complex setting in which the inner portion
of the interphases and the inhomogeneity possess the same shear
modulus while the outer portion of the interphases and the matrix
possess the same shear modulus. More specifically we assume that
the �M −1� inner interphases Sm �m=2�M� and the inhomogene-
ity possess the same shear modulus, and that the rest �N−M −1�
outer interphases Sm �m= �M +1���N−1�� and the surrounding
matrix possess the same shear modulus. We found that even
though the expressions of the internal stress components �xx and
�yy are rather tedious, the internal shear stress and the rigid-body

rotation can still be concisely determined as
�xy =
RM

4 �xy
�

RM
4 + �� − 1��RM

4 − 1�
 1

�M + 1
− 	

j=M

N−1
RM

2

Rj
2 � 1

� j + 1
−

1

� j+1 + 1
�� �29�

� =
RM

2 �1 − ���xy
�

2�1�
RM
4 + �� − 1��RM

4 − 1�
 1

�M + 1
− 	

j=M

N−1
RM

2

Rj
2 � 1

� j + 1
−

1

� j+1 + 1
��� �30�
hich indicate that the shear stress and rotation within the inho-
ogeneity are independent of Poisson’s ratios �m �m=1�M� of

he inhomogeneity and the �M −1� inner interphases.
In this work we discussed the layered inhomogeneity problem

n the mapped �-plane. The inhomogeneity problems can be more
onveniently discussed in the original z-plane when the whole
omposite possesses a constant shear modulus. As demonstra-
ions, we consider in Appendix A an arbitrary number of arbitrary
haped inhomogeneities embedded in an infinite matrix and in
ppendix B an N-phase inhomogeneity with �N−1� interfaces of

rbitrary shape. Furthermore the results in the main body and in
ppendixes A and B can be further extended to finite plane strain
eformations of compressible hyperelastic harmonic materials
see Appendix C�.
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ppendix A: Interacting Arbitrary Shaped
nhomogeneities

Now we consider N arbitrary shaped inhomogeneities embed-
ed in an unbounded matrix. Let Si �i=1−N� and Sm denote the N
nhomogeneities and their surrounding matrix �i �i=1−N� the
erfect interface separating Si and Sm. All of the inhomogeneities
nd the matrix possess the same shear modulus. The matrix is
ubjected to remote uniform stresses. In the following the sub-
cripts i �i=1−N� and m are used to identify the associated quan-
ities in Si �i=1−N� and Sm. The boundary conditions along the
�i�z� + z�i��z� + �i�z� = �m�z� + z�m� �z� + �m�z� ,

�i�i�z� − z�i��z� − �i�z� = �m�m�z� − z�m� �z� − �m�z� ,

z � �i �i = 1 − N� �A1�
Adding together the two expressions in Eq. �A1�, we obtain

�m�z� =
�i + 1

�m + 1
�i�z�, z � �i �i = 1 − N� �A2�

It is apparent from the above expression that

�i�z� =
�m + 1

�i + 1
�z, z � Si �i = 1 − N�

�m�z� = �z, z � Sm �A3�

where �= ��xx
� +�yy

� � /4. Once we obtain �i�z� and �m�z�, Eq. �A1�
can be re-expressed into

�m�z� = �i�z� + 2�
�m − �i

�i + 1
Di�z�, z � �i �i = 1 − N� �A4�

where z̄=Di�z� along the interface �i �i=1−N�. In addition Di�z�
is analytic in the exterior of �i except at infinity where it has a
pole of finite degree Di�z�= Pi�z�+o�1�, �z�→� �9�. It is more
reasonable to write Eq. �A4� into the following form:

�m�z� − ��z − 2�
�m − �i

�i + 1
�Di�z� − Pi�z��

= �i�z� − ��z − 2�
�i − �m

�i + 1
Pi�z�, z � �i �i = 1 − N�

�A5�

where ��= ��yy
� −�xx

� +2i�xy
� � /2. In view of the above expression,
we then introduce an analytic function �0�z� defined by
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�0�z� = �i�z� − ��z − 2�
�i − �m

�i + 1
Pi�z� − 2� 	

j=1,j�i

N
�m − � j

� j + 1
�Dj�z�

− Pj�z�� �i = 1 − N�

=�m�z� − ��z − 2�	
j=1

N
�m − � j

� j + 1
�Dj�z� − Pj�z�� �A6�

Apparently the above introduced �0�z� is continuous across the
nterfaces �i, �i=1−N� and then analytic in the whole z-plane
ncluding the point at infinity. As a result we arrive at

�i�z� = ��z + 2�
�i − �m

�i + 1
Pi�z� + 2� 	

j=1,j�i

N
�m − � j

� j + 1
�Dj�z�

− Pj�z��, z � Si �i = 1 − N�

�m�z� = ��z + 2�	
j=1

N
�m − � j

� j + 1
�Dj�z� − Pj�z��, z � Sm �A7�

In the following we consider several special cases. First we
onsider an isolated arbitrary shaped inhomogeneity S1. In this
ase it follows from Eq. �A7� that

�1�z� = ��z + 2�
�1 − �m

�1 + 1
P1�z�, z � S1

�m�z� = ��z + 2�
�m − �1

�1 + 1
�D1�z� − P1�z��, z � Sm �A8�

We observe from Eqs. �A3� and �A8� that it is very simple to
alculate the stress field inside an isolated inhomogeneity because
he polynomial P1�z� can be explicitly determined �9�. It is ob-
erved from Eq. �A8� that the stress field inside the inhomogeneity
s uniform only when the interface is an ellipse. When the inho-

ogeneity and the matrix have different shear moduli, we have to
esort to the complicated Faber polynomials �5�.

Second we consider the problem of two circular inhomogene-
ties embedded in an unbounded matrix. One circular inhomoge-
eity S1 of radius R1 is centered at z=z1, and the other circular
nhomogeneity S2 of radius R2 is centered at z=z2. The analytic
unctions in the composite can be easily derived as

�1�z� =
�m + 1

�1 + 1
�z, �1�z� = ��z +

2��m − �2�
�2 + 1

�R2
2

z − z2
, z � S1

�2�z� =
�m + 1

�2 + 1
�z, �2�z� = ��z +

2��m − �1�
�1 + 1

�R1
2

z − z1
, z � S2

�m�z� = �z, �m�z� = ��z +
2��m − �1�

�1 + 1

�R1
2

z − z1

+
2��m − �2�

�2 + 1

�R2
2

z − z2
, z � Sm �A9�

hich clearly indicate the nonuniform stress field inside each of
he inhomogeneities due to the perturbation caused by the neigh-
oring inhomogeneity.

If all the interfaces are circular, the loading is not confined to
emote uniform stresses. In fact, when there is an arbitrary type
ingularity �e.g., an edge dislocation, a line force, a moment, or
ven an Eshelby inclusion of arbitrary shape �9,10�� located in the
atrix, the singular behaviors of �m�z� and �m�z� are given by

�m�z� = f0�z�, �m�z� = g0�z� �A10�

As a result the analytic functions in the N circular inhomoge-

eities can be derived as

41018-6 / Vol. 77, JULY 2010
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�i�z� =
�m + 1

�i + 1
f0�z�

�i�z� = g0�z� +
�i − �m

�i + 1

Ri
2�f0��z� − f0��zi��

z − zi
+

�i − �m

�i + 1
z̄i f0��z�,

+ 	
j=1,j�i

N 
�m − � j

� j + 1
f0� Rj

2

z̄ − z̄ j

+ zj� +
�m − � j

� j + 1

Rj
2f0��zj�
z − zj

�
z � Si �i = 1 − N� �A11�

and those in the matrix are

�m�z� = f0�z�

�m�z� = g0�z� + 	
j=1

N 
�m − � j

� j + 1
f0� Rj

2

z̄ − z̄ j

+ zj�
+

�m − � j

� j + 1

Rj
2f0��zj�
z − zj

�, z � Sm �A12�

where Ri and zi are the radius and center coordinate of the circular
inhomogeneity Si. It can be easily checked from Eqs. �A11� and
�A12� that �i�z� and �i�z� are regular, whereas �m�z� and �m�z�
exhibit the singular behaviors f0�z� and g0�z�, respectively.

The above expressions �A11� and �A12� indicate that once the
analytic functions f0�z� and g0�z� for a singularity in a homoge-
neous matrix material are known, the solutions to the problem of
the singularity interacting with the N circular inhomogeneities can
be written down immediately by using Eqs. �A11� and �A12�. This
result is remarkable and attractive even though the assumption of
equal shear modulus has been made! As a check Eq. �A9� can also
be obtained from Eqs. �A11� and �A12� by taking into mind that
f0�z�=�z and g0�z�=��z.

Remark 1. In Hill’s discussion �7�, Hill stated that the problem
can be fully solved when all the phases comprising the composite
possess equal shear modulus but different Poisson’s ratios. The
original problem is reduced to the determination of the gravita-
tional �or harmonic� potential �. In order to obtain the gravita-
tional potential �, we have to carry out a volume integral
�Vdv / �r−r��, where V is the volume occupied by the misfitting
inclusion with uniform volumetric eigenstrains �11�. If the shapes
of the inhomogeneities are arbitrary and irregular, the volume in-
tegral is still difficult to obtain, especially for the points outside
the inhomogeneities. On the other hand, when addressing two-
dimensional �2D� Eshelby inclusions of arbitrary shape, however,
the complex variable method provides a powerful tool �9�. The
above analysis and the ensuing one in Appendix B demonstrate
that the 2D inhomogeneity problem can be easily solved even the
shape of the interface is arbitrary.

Appendix B: N-Phase Inhomogeneities With „N−1… In-
terfaces of Arbitrary Shape

Similar to the discussion in the main body, here we consider an
N-phase inhomogeneity with �N−1� interfaces. Let S1, Sm �m=2
��N−1��, and SN denote the inhomogeneity, the �N−2� inter-
phases, and the unbounded matrix, all of which are perfectly
bonded through the �N−1� interfaces �m �m=1��N−1��. In the
following discussion we will adopt the notation rule specified in
Sec. 2. Now all the interfaces are of arbitrary shape, the interface
�m is always surrounded by the interface �m+1, and all the N
phases possess the same shear modulus. The matrix is subjected to
remote uniform stresses. The boundary conditions along the inter-

faces �m �m=1��N−1�� can be expressed into
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�m�z� + z�m� �z� + �m�z� = �m+1�z� + z�m+1� �z� + �m+1�z� ,

�m�m�z� − z�m� �z� − �m�z� = �m+1�m+1�z� − z�m+1� �z� − �m+1�z� ,

z � �m �m = 1 � �N − 1�� �B1�
Adding together the two expressions in Eq. �B1�, we obtain

��m + 1��m�z� = ��m+1 + 1��m+1�z�, z � �m �m = 1 � �N − 1��
�B2�

It is apparent from the above expression that

�m�z� =
�N + 1

�m + 1
�z, z � Sm �m = 1 � N� �B3�

here �= ��xx
� +�yy

� � /4. Once we obtain �m�z�, Eq. �B1� can be
e-expressed into

�m�z� − 2�� �N + 1

�m+1 + 1
−

�N + 1

�m + 1
�Pm�z� = �m+1�z� − 2���N + 1

�m + 1

−
�N + 1

�m+1 + 1
��Dm�z� − Pm�z��

z � �m �m = 1 � �N − 1�� �B4�

here z̄=Dm�z� along the interface �m �m=1��N−1��. In addi-
ion Dm�z� is analytic in the exterior of �m except at infinity where
t has a pole of finite degree Dm�z�= Pm�z�+o�1�, �z�→�. In view
f the above expression, we then introduce an analytic function
0�z� defined by

�0�z� = �1�z� − ��z − 2�	
j=1

N−1

Pj�z�� �N + 1

� j+1 + 1
−

�N + 1

� j + 1
� = �m�z�

− ��z − 2�	
j=m

N−1

Pj�z�� �N + 1

� j+1 + 1
−

�N + 1

� j + 1
� − 2�	

j=1

m−1 ��N + 1

� j + 1

−
�N + 1

� j+1 + 1
��Dj�z� − Pj�z�� �m = 2 – �N − 1��

=�N�z� − ��z − 2�	
j=1

N−1 ��N + 1

� j + 1
−

�N + 1

� j+1 + 1
��Dj�z� − Pj�z��

�B5�

here ��= ��yy
� −�xx

� +2i�xy
� � /2. Apparently �0�z� is continuous

cross all the �N−1� interfaces �m �m=1��N−1�� and then ana-
ytic in the whole z-plane including the point at infinity. Thus
0�z��0. Consequently we arrive at

�1�z� = ��z + 2�	
j=1

N−1

Pj�z�� �N + 1

� j+1 + 1
−

�N + 1

� j + 1
�, z � S1

�m�z� = ��z + 2�	
j=1

N−1

Pj�z�� �N + 1

� j+1 + 1
−

�N + 1

� j + 1
� + 2�	

j=1

m−1

Dj�z�

���N + 1

� j + 1
−

�N + 1

� j+1 + 1
�, z � Sm �m = 2 � �N − 1��

�N�z� = ��z + 2�	
j=1

N−1 ��N + 1

� j + 1
−

�N + 1

� j+1 + 1
��Dj�z� − Pj�z��, z � SN

�B6�
It is observed from the first expression of Eq. �B6� that the

nternal stresses are still uniform when all the interfaces are el-
ipses �here the elliptical interfaces are not confined to confocal
nd the centers of the ellipses are not necessarily common�. More

pecifically here we assume that the semimajor and semiminor

ournal of Applied Mechanics
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axes of the ellipse �m are, respectively, am and bm, and the major
axis of the ellipse �m is at an angle �m ���m�
� /2� with the
positive x-axis. In this case �1�z� can be simply determined as

�1�z� = z
�� + 2�	
j=1

N−1

e−2i�j
aj − bj

aj + bj
� �N + 1

� j+1 + 1
−

�N + 1

� j + 1
��, z � S1

�B7�
which clearly indicates that the internal stress field is uniform.
Consequently the condition for the internal uniform stress field to
be hydrostatic can be derived as

�yy
� − �xx

�

�xx
� + �yy

� = 	
j=1

N−1

cos�2� j�
aj − bj

aj + bj
��N + 1

� j + 1
−

�N + 1

� j+1 + 1
�

2�xy
�

�xx
� + �yy

� = 	
j=1

N−1

sin�2� j�
aj − bj

aj + bj
� �N + 1

� j+1 + 1
−

�N + 1

� j + 1
� �B8�

which is consistent with Eq. �27� if all the interfaces are confocal.
Furthermore it is also observed from the first expression of Eq.
�B6� that the uniformity of the internal stresses for an inhomoge-
neity with nonelliptical interfaces is possible if the higher-order
terms in �1�z� are canceled out.

If all the interfaces are circular, simple and closed-form solu-
tions still exist for an arbitrary type singularity located in the
matrix. The singular behaviors of �N�z� and �N�z� are given by

�N�z� = f0�z�, �N�z� = g0�z� �B9�
Thus we have

�m�z� =
�N + 1

�m + 1
f0�z�, z � Sm �m = 1 � N� .

�1�z� = g0�z� + 	
j=1

N−1 � �N + 1

� j+1 + 1
−

�N + 1

� j + 1
�
z̄ j f0��z�

+
Rj

2�f0��z� − f0��zj��
z − zj

�, z � S1

�m�z� = g0�z� + 	
j=m

N−1 � �N + 1

� j+1 + 1
−

�N + 1

� j + 1
�
z̄ j f0��z�

+
Rj

2�f0��z� − f0��zj��
z − zj

� + 	
j=1

m−1 ��N + 1

� j + 1
−

�N + 1

� j+1 + 1
�

�
 f0� Rj
2

z̄ − z̄ j

+ zj� +
Rj

2f0��zj�
z − zj

�,

z � Sm, �m = 2 � �N − 1�� �B10�

�N�z� = g0�z� + 	
j=1

N−1 ��N + 1

� j + 1
−

�N + 1

� j+1 + 1
�
 f0� Rj

2

z̄ − z̄ j

+ zj�
+

Rj
2f0��zj�
z − zj

�, z � SN �B11�

where Rm and zm are the radius and center coordinate of the circle
�m.

Appendix C: Extension to Harmonic Materials
Interestingly the results in the main body and in Appendixes A

and B can be simply extended to finite plane strain deformations
of compressible hyperelastic harmonic materials �12–15�. Let the

complex variable z=x1+ ix2 be the initial coordinates of a material
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article in the undeformed configuration and w�z�=y1�z�+ iy2�z�
he corresponding spatial coordinates in the deformed configura-
ion. Define the deformation gradient tensor as

Fij =
�yi

�xj
�C1�

For a particular class of harmonic materials, the strain energy
ensity W defined with respect to the undeformed unit area can be
xpressed by

W = 2��F�I� − J�, F��I� =
1

4�
�I + �I2 − 16��� �C2�

Here I and J are the scalar invariants of FFT given by

I = �1 + �2 = �FijFij + 2J, J = �1�2 = det�F� �C3�

here �1 and �2 are the principal stretches, � is the shear modu-
us, and 1 /2
�	1, ��0 are two material constants.

According to the formulation developed by Ru �14�, the defor-
ation w�z� can be written in terms of two analytic functions ��z�

nd ��z� as

iw�z� = ���z� + i��z� +
�z

���z�
�C4�

nd the complex Piola stress function ��z� is given by

��z� = 2i�
�� − 1���z� + i��z� +
�z

���z�� �C5�

In addition, the Piola stress components can be written in terms
f the Piola stress function � as

− �21 + i�11 = �,2, �22 − i�12 = �,1 �C6�
In the following we endeavor to extend the results in the main

ody and in Appendixes A and B to hyperelastic harmonic mate-
ials.

C.1 N-Phase Elliptical Inhomogeneities With Internal
niform Stresses in Finite Plane Elastostatics. As an extension
f the results in the main body, we first address an N-phase ellip-
ical inhomogeneity with internal uniform stresses in finite plane
lastostatics. The problem discussed below is similar to that ad-
ressed in the main body except that now the composite is com-
osed of harmonic materials. The �N−2� interphases and the ma-
rix possess the same shear modulus, and the formed �N−1�
nterfaces are confocal.

The boundary conditions along the outer �N−2� interfaces ���
Rm �m=2��N−1�� can be expressed as

�m�m��� + i�m��� +
�m
����
���

�m� ���
= �m+1�m+1��� + i�m+1���

+
�m+1
����
���

�m+1� ���

��m − 1��m��� + i�m��� +
�m
����
���

�m� ���
= ��m+1 − 1��m+1���

+ i�m+1��� +
�m+1
����
���

�m+1� ���
, ��� = Rm �m = 2 � �N − 1��

�C7�
Subtracting �C7�2 from �C7�1 yields

�m��� = �m+1���, ��� = Rm �m = 2 � �N − 1�� �C8�

hich implies that the introduced function �0���=�m��� �m=2
N� is continuous across the interfaces ���=Rm �m=2��N−1��

nd then analytic within the region ����R1 except at infinity. The

ingular behavior of �0�z� at infinity is
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�0��� =
cA

2
� + o�1�, ��� → � �C9�

where the two complex constants A and B are related to the re-
mote uniform Piola stresses �11

� , �22
� , �12

� , and �21
� through the

following relations:

− �21
� + i�11

� = 2�N
�1 − �N�A + iB̄ −
�N

Ā
�

i�22
� + �12

� = 2�N
�1 − �N�A − iB̄ −
�N

Ā
� �C10�

Now that the interface conditions in Eq. �C7� can be re-
expressed into

�m��� + i��m − �m+1��̄0�Rm
2 /��

= �m+1��� + i
��m+1 − �m�
����
̄�Rm

2 /��
�0����

��� = Rm �m = 2 � �N − 1�� �C11�

In view of Eq. �C11�, we then introduce another analytic func-
tion �0��� defined by

�0��� = �2��� + i	
j=2

N−1

�� j − � j+1��̄0�Rj
2/��

= �m��� + i	
j=m

N−1

�� j − � j+1��̄0�Rj
2/��

+ i	
j=2

m−1
�� j+1 − � j�
����
̄�Rj

2/��
�0����

�m = 3 � �N − 1��

= �N��� + i	
j=2

N−1
�� j+1 − � j�
����
̄�Rj

2/��
�0����

�C12�

It can be easily observed from the above expression that �0���
is also continuous across the interfaces ���=Rm �m=2��N−1��
and then analytic within the region ����R1 except at infinity. The
singular behavior of �0��� at infinity is

�0��� = 
 cB

2
+

ci

2A	
j=2

N−1

Rj
−2�� j+1 − � j��� + o�1�, ��� → �

�C13�
To ensure the uniform Piola stress field inside the elliptical

inhomogeneity, we have to assume that �1��� and �1��� must take
the following forms:

�1��� = D�� + �−1�, �1��� = E�� + �−1� �C14�

where D and E and two complex constants to be determined. The
boundary conditions along the inner interface ���=R1 can be ex-
pressed into

�2�2��� + i�2��� +
�2
����
���

�2����

= ��1D + iĒR1
−2 +

�1c2

¯ �� + ��1D + iĒR1
2 +

�1c2

¯ ��−1
4D 4D

Transactions of the ASME

 license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



w
t

J

Downlo
��2 − 1��2��� + i�2��� +
�2
����
���

�2����

= ����1 − 1�D + iĒR1
−2 +

�1c2

4D̄
��

+ ����1 − 1�D + iĒR1
2 +

�1c2

4D̄
��−1, ��� = R1

�C15�

here �=�1 /�N. The above can be equivalently expressed in
erms of �0��� and �0��� as

�2�0��� + 	
j=2

N−1

�� j+1 − � j��0�Rj
2

R1
2�� −

cA

2 
�2 + 	
j=2

N−1
Rj

2

R1
2 �� j+1

− � j��� + 
 icR1
2B̄

2
+

c�2

2Ā
+

cR1
2

2Ā
	
j=2

N−1

Rj
−2�� j+1 − � j� − ��1D

+ iĒR1
2 +

�1c2

4D̄
���−1 = − i�̄0�R1

2/�� −
�2
̄��R1

2/��
���
�̄0��R1

2/��

+ 
�1D + iĒR1
−2 +

�1c2

4D̄
−

cA

2 
�2 + 	
j=2

N−1
Rj

2

R1
2 �� j+1 − � j����

+ 
 icR1
2B̄

2
+

c�2

2Ā
+

cR1
2

2Ā
	
j=2

N−1

Rj
−2�� j+1 − � j���−1, ��� = R1

�C16�

��2 − 1��0��� + 	
j=2

N−1

�� j+1 − � j��0�Rj
2

R1
2�� −

cA

2 
��2 − 1�

+ 	
j=2

N−1
Rj

2

R1
2 �� j+1 − � j��� + 
 icR1

2B̄

2
+

c�2

2Ā
+

cR1
2

2Ā
	
j=2

N−1

Rj
−2�� j+1

− � j� − ����1 − 1�D + iĒR1
2 +

�1c2

4D̄
���−1 = − i�̄0�R1

2/��

−
�2
̄��R1

2/��
���
�̄0��R1

2/��
+ 
����1 − 1�D + iĒR1

−2 +
�1c2

4D̄
�

−
cA

2 
��2 − 1� + 	
j=2

N−1
Rj

2

R1
2 �� j+1 − � j���� + 
 icR1

2B̄

2
+

c�2

2Ā

+
cR1

2

2Ā
	
j=2

N−1

Rj
−2�� j+1 − � j���−1, ��� = R1 �C17�
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Apparently the left-hand side of Eq. �C16� and that of Eq.
�C17� are analytic outside the circle ���=R1 including the point at
infinity, while the right-hand side of Eqs. �C16� and that of Eq.
�C17� are analytic within the circle ���=R1. Consequently the two
sides of both Eqs. �C16� and �C17� should be identically zero such
that

�2�0��� + 	
j=2

N−1

�� j+1 − � j��0�Rj
2

R1
2�� =

cA

2 
�2 + 	
j=2

N−1
Rj

2

R1
2 �� j+1

− � j��� − 
 icR1
2B̄

2
+

c�2

2Ā
+

c

2Ā
	
j=2

N−1
R1

2

Rj
2 �� j+1 − � j� − ��1D

+ iĒR1
2 +

�1c2

4D̄
���−1 �C18�

i�̄0�R1
2/�� +

�2
̄��R1
2/��
���

�̄0��R1
2/��

= 
�1D + iĒR1
−2 +

�1c2

4D̄
−

cA

2 
�2 + 	
j=2

N−1
Rj

2

R1
2 �� j+1 − � j����

+ 
 icR1
2B̄

2
+

c�2

2Ā
+

c

2Ā
	
j=2

N−1
R1

2

Rj
2 �� j+1 − � j���−1 �C19�

��2 − 1��0��� + 	
j=2

N−1

�� j+1 − � j��0�Rj
2

R1
2�� =

cA

2 
��2 − 1�

+ 	
j=2

N−1
Rj

2

R1
2 �� j+1 − � j��� − 
 icR1

2B̄

2
+

c�2

2Ā
+

c

2Ā
	
j=2

N−1
R1

2

Rj
2 �� j+1

− � j� − ����1 − 1�D + iĒR1
2 +

�1c2

4D̄
���−1 �C20�

i�̄0�R1
2/�� +

�2
̄��R1
2/��
���

�̄0��R1
2/��

= 
����1 − 1�D + iĒR1
−2 +

�1c2

4D̄
� −

cA

2 
��2 − 1�

+ 	
j=2

N−1
Rj

2

R1
2 �� j+1 − � j���� + 
 icR1

2B̄

2
+

c�2

2Ā

+
c

2Ā
	
j=2

N−1
R1

2

Rj
2 �� j+1 − � j���−1 �C21�

The solutions of �0��� can be easily obtained from Eqs. �C18�
and �C20� as
�0��� =
cA

2
� −

icR1
2B̄

2
+

c�2

2Ā
+

c

2Ā
	
j=2

N−1
R1

2

Rj
2 �� j+1 − � j� − ��1D + iĒR1

2 +
�1c2

4D̄
�

�2 + 	
j=2

N−1
R1

2

Rj
2 �� j+1 − � j�

�−1 �C22�

�0��� =
cA

2
� −

icR1
2B̄

2
+

c�2

2Ā
+

c

2Ā
	
j=2

N−1
R1

2

Rj
2 �� j+1 − � j� − ����1 − 1�D + iĒR1

2 +
�1c2

4D̄
�

�2 − 1 + 	
N−1

R1
2

R2 �� j+1 − � j�

�−1 �C23�
j=2 j
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The compatibility condition of �0��� and that of i�̄0�R1
2 /��+�2
̄��R1

2 /��
��� / �̄0��R1
2 /�� will yield

icR1
2B̄

2
+

c�2

2Ā
+

c

2Ā
	
j=2

N−1
R1

2

Rj
2 �� j+1 − � j� − ��1D + iĒR1

2 +
�1c2

4D̄
�

�2 + 	
j=2

N−1
R1

2

Rj
2 �� j+1 − � j�

=

icR1
2B̄

2
+

c�2

2Ā
+

c

2Ā
	
j=2

N−1
R1

2

Rj
2 �� j+1 − � j� − ����1 − 1�D + iĒR1

2 +
�1c2

4D̄
�

�2 − 1 + 	
j=2

N−1
R1

2

Rj
2 �� j+1 − � j�

�C24�

iĒ =
�� − 1��1 − �

1 − �
R1

2D −
�1R1

2c2

4D̄
+

cR1
2A

2�1 − ��
�C25�

The two unknowns D and E can then be determined by solving the above two nonlinear equations. The above analysis demonstrates
hat the Piola stresses within the N-phase elliptical inhomogeneity are uniform. Interestingly the existence of the internal uniform
ydrostatic Piola stresses ��11=�22, �12=�21=0� can be further discussed.

Remark 2. Similar to the discussion in Ref. �15�, the following condition must be satisfied:

�0���� � 0, ��� � 1 �C26�

r equivalently

A � −

iR1
2B̄ +

�2

Ā
+

1

Ā
	
j=2

N−1
R1

2

Rj
2 �� j+1 − � j� −

2

c��1D + iĒR1
2 +

�1c2

4D̄
�

�2 + 	
j=2

N−1
R1

2

Rj
2 �� j+1 − � j�

�−2, ��� � 1 �C27�
C.2 N Interacting Arbitrary Shaped Inhomogeneities in
inite Plane Elastostatics. As an extension of the results in Ap-
endix A, we next address N arbitrary shaped inhomogeneities
mbedded in an unbounded matrix within the framework of finite
eformation of harmonic materials. Let Sj �j=1−N� and Sm de-
ote the N inhomogeneities and their surrounding matrix, � j �j
1−N� the perfect interface separating Sj and Sm. All of the in-
omogeneities and the matrix possess the same shear modulus. In
ddition the matrix is subjected to remote uniform Piola stresses

11
� , �22

� , �12
� , and �21

� . The boundary conditions along the inter-
aces � j �j=1−N� can be expressed into

� j� j�z� + i� j�z� +
� jz

� j��z�
= �m�m�z� + i�m�z� +

�mz

�m� �z�
,

�� j − 1�� j�z� + i� j�z� +
� jz

� j��z�
= ��m − 1��m�z� + i�m�z� +

�mz

�m� �z�
,

z � � j �j = 1 − N� �C28�
Subtracting �C28�2 from �C28�1 yields

� j�z� = �m�z�, z � � j �j = 1 − N� �C29�

hich implies that

�m�z� = � j�z� = Az �j = 1 − N� �C30�

here the two complex constants A and B are related to the re-
ote uniform Piola stresses �11

� , �22
� , �12

� , and �21
� through the

ollowing relations:

− �21
� + i�11

� = 2�m
�1 − �m�A + iB̄ −
�m

Ā
�

i�22
� + �12

� = 2�m
�1 − �m�A − iB̄ −
�m

Ā
� �C31�

Once we obtain � j�z� and �m�z�, Eq. �C28� can be re-expressed

nto
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� j�z� − i
��m − � j�Ā +
�m − � j

A
�Pj�z� = �m�z� − i
�� j − �m�Ā

+
� j − �m

A
��Dj�z� − Pj�z��, z � � j �j = 1 − N� �C32�

Similar to the discussion in Appendix A, it follows from the
above expression that

� j�z� = Bz + i
��m − � j�Ā +
�m − � j

A
�Pj�z� + i 	

k=1,k�j

N 
��k − �m�Ā

+
�k − �m

A
��Dk�z� − Pk�z��, z � Sj �j = 1 − N�

�m�z� = Bz + i	
k=1

N 
��k − �m�Ā +
�k − �m

A
��Dk�z� − Pk�z��,

z � Sm �C33�

C.3 N-Phase Inhomogeneities With „N−1… Interfaces of
Arbitrary Shape in Finite Plane Elastostatics. As an extension
of the results in Appendix B, we finally consider an N-phase in-
homogeneity with �N−1� interfaces within the framework of finite
deformation of harmonic materials. All the interfaces are of arbi-
trary shape, and all the N phases possess the same shear modulus.
The boundary conditions along the interfaces �m �m=1��N
−1�� separating phases Sm and Sm+1 can be expressed into

�m�m�z� + i�m�z� +
�mz

�� �z�
= �m+1�m+1�z� + i�m+1�z� +

�m+1z

�� �z�
m m+1
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��m − 1��m�z� + i�m�z� +
�mz

�m� �z�

= ��m+1 − 1��m+1�z� + i�m+1�z� +
�m+1z

�m+1� �z�
,

z � �m �m = 1 � �N − 1�� �C34�
Subtracting �C34�2 from �C34�1 and applying Liouville’s theo-

em, we finally obtain

�m�z� = Az, z � Sm �m = 1 � N� �C35�

here A and B have been determined by Eq. �C10�.
Now that Eq. �C34� can be re-expressed into

�m�z� − i
��m+1 − �m�Ā +
�m+1 − �m

A
�Pm�z�

= �m+1�z� − i
��m − �m+1�Ā +
�m − �m+1

A
��Dm�z� − Pm�z��,

z � �m �m = 1 � �N − 1�� �C36�
Similar to the discussion in Appendix B, we can finally arrive at

�1�z� = Bz + i	
j=1

N−1

Pj�z�
�� j+1 − � j�Ā +
� j+1 − � j

A
�, z � S1

�m�z� = Bz + i	
j=1

N−1

Pj�z�
�� j+1 − � j�Ā +
� j+1 − � j

A
�

+ i	
j=1

m−1

Dj�z�
�� j − � j+1�Ā +
� j − � j+1

A
�,

z � Sm �m = 2 � �N − 1��

�N�z� = Bz + i	
j=1

N−1 
�� j − � j+1�Ā +
� j − � j+1

A
��Dj�z� − Pj�z��,
z � SN �C37�
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Apparently it is observed from the first expression of Eq. �C37�
that �i� the internal Piola stresses are still uniform when all the
interfaces are ellipses �here the elliptical interfaces are not con-
fined to confocal and the centers of the ellipses are not necessarily
common�, and �ii� the uniformity of the internal Piola stresses for
an inhomogeneity with nonelliptical interfaces is possible if the
higher-order terms in �1�z� are canceled out. The above conclu-
sion is similar to that drawn in Appendix B.
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