N-Phase Elliptical
Inhomogeneities With Internal
Uniform Stresses in Plane
Elasticity

We investigate the problem of an N-phase elliptical inhomogeneity in plane elasticity. The
elliptical inhomogeneity is bonded to the unbounded matrix through the intermediate
(N —2) interphases, and the matrix is subjected to remote uniform stresses. We observe
that the stress field inside the elliptical inhomogeneity is still uniform when the following
two conditions are satisfied: (i) The formed interfaces are (N — 1) confocal ellipses, and
(ii) the interphases and the matrix possess the same shear modulus but different Poisson’s
ratios. In Appendixes A and B, we also discuss an arbitrary number of interacting
arbitrary shaped inhomogeneities embedded in an infinite matrix, and an N-phase inho-
mogeneity with (N — 1) interfaces of arbitrary shape. Here all the phases comprising the
composite possess the same shear modulus but different Poisson’s ratios. The results in
the main body and in Appendixes A and B are further extended in Appendix C to finite
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1 Introduction

It has been found that the stress field inside an N-phase ellipti-
cal inhomogeneity is uniform when the formed interfaces are con-
focal ellipses and when the matrix is subjected to remote uniform
antiplane shear stresses [1]. This conclusion, however, is usually
not valid when the same layered structure is subjected to remote
uniform in-plane stresses. For example, even the stress field
within a three-phase concentric circular inhomogeneity is intrinsi-
cally nonuniform when the matrix is subjected to remote uniform
nonhydrostatic in-plane stresses [2,3]. Only when the relative
thickness of the interphase layer and the aspect ratio of the ellip-
tical inhomogeneity satisfy a relationship for given remote
stresses will the internal stress field of a three-phase inhomogene-
ity be uniform and hydrostatic [4]. The main purpose of this re-
search is to probe the existence of a uniform (but not necessarily
hydrostatic) stress field within an N-phase elliptical inhomogene-
ity under in-plane deformations in the absence of the thickness
and aspect ratio relationship in Ref. [4].

On the other hand, when discussing the problem of an isolated
arbitrary shaped inhomogeneity, it is necessary to use the Faber
polynomials to calculate the elastic field in the composite [5].
Furthermore it seems intractable to analytically solve the problem
of interacting arbitrary shaped inhomogeneities. In Appendix A,
we find that strikingly simple solutions still exist for interacting
arbitrary shaped inhomogeneities when the inhomogeneities and
the surrounding matrix possess the same shear modulus but dif-
ferent Poisson’s ratios. Particularly it is observed that the stress
field inside an isolated inhomogeneity can be conveniently deter-
mined. As an extension, in Appendix B, we address an N-phase
inhomogeneity with (N—1) interfaces of arbitrary shape. Here the
composite possesses a constant shear modulus. It is observed that
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(1) the internal stresses are still uniform when all the interfaces are
ellipses (here the elliptical interfaces are not confined to confocal
and the centers of the ellipses are not necessarily common), and
(ii) the uniformity of the internal stresses for a multiphase inho-
mogeneity with nonelliptical interfaces is possible. Finally, in Ap-
pendix C, we discuss a composite made up of compressible hy-
perelastic harmonic materials.

2 Formulation

For plane deformations of an isotropic elastic material, the in-
plane displacements u and v, the two resultant forces F, and F,,
and the in-plane stresses oy,, 0,,, and o, can be expressed in
terms of two analytic functions ¢(z) and ¢(z) of the complex
variable z=x+iy as [6]

2u(u+iv) = kp(z) — Zm—m

FotiFy=—i[$(2) + 24 () + ¥2)] (1)
Tet 0y, =2[' (2) + ¢/(2)]
0y = 0+ 2i0, =2[7¢"(2) + ¢ ()] (2)

where k=3—4v for plane strain, which is assumed in this inves-
tigation, and «=(3-v)/(1+v) for plane stress; u and v, where
m>0 and 0<v=0.5, are the shear modulus and Poisson’s ratio,
respectively.

We consider an N-phase elliptical inhomogeneity with (N—1)
confocal interfaces. Let Sy, S, [m=2~(N-1)], and Sy denote the
inhomogeneity, the (N-2) interphases, and the unbounded matrix,
all of which are perfectly bonded through the (N-1) confocal
interfaces I',, [m=1~(N-1)]. The phase numbers are sequen-
tially ordered from 1 for the innermost inhomogeneity to N for the
outermost matrix, and the interface I',, is formed by S, and S, .
The inhomogeneity is centered at the origin and its major and
minor axes are along the x and y axes, respectively. In the follow-
ing discussions the subscripts 1, m [m=2~(N-1)], and N are
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used to identify the associated quantities in S, S,, [m=2~(N
—1)], and Sy. In this work we confine our attention to the case in
which the (N-2) interphases and the matrix possess the same
shear modulus; i.e., u,,=pmy [m=2~(N-1)]. Here we point out
that the assumption of equal shear modulus has been adopted in
literature to arrive at analytical solutions (see, for example, Refs.
[7,8]). The common foci of the (N—1) confocal interfaces are at
x=*c. Now we consider the following conformal mapping:

=)= §(£+(1) (3)

which maps the segment [—c, c] onto the unit circle in the
{-plane, and the interfaces I',, [m=1~(N-1)] onto (N-1) co-
axial circles with radii R,, [m=1~(N-1)]. For convenience we

write ¢i({)=¢i(w(0), (d)=¢w(l)) (i=1~N).

3 The Internal Uniform Stress Field

There are in total (N—1) interfaces I',, [m=1~(N—-1)] in the
composite. Among these interfaces, the (N—2) interfaces I, [m
=2~(N-1)] are simpler to treat because the adjacent phases
forming any one of the (N—2) interfaces possess the same shear
modulus. The continuity conditions of tractions and displacements
across the interfaces |{|=R,, [m=2~ (N—-1)] can be expressed as

¢m(§) + w,((?) ¢m(§) + {pm(g) ¢m+l(§) + ,((?) ¢r’n+1(£) + ¢;n+1(§)
o(f) —— o)
m(ﬁm(g) ( )d) (g) lpm(g) Km+l¢m+l(§) ,(é,) m+1(§)
- (!/m+](§)
(=R, [m=2~(N-1)] 4)

Adding the two expressions in Eq. (4) together, we arrive at

[m=2~(N-1)]
®)

(Km+1)¢m(§)=(Km+l+ 1)¢m+1(§)7 |§|=Rm
We then introduce an analytic function ¢y(¢) defined by

$o(0) = Q) (m=2~N) (6)

Apparently ¢,({) is continuous across the interfaces |{|=R,,
[m=2~(N-1)] and then analytic within the region |{|>R, ex-
cept at infinity. The singular behavior of ¢y({) at infinity is

(O =AL+0(1), [{f— o ™)

where the real constant A is related to the remote uniform stresses
through A=c(o +07))/8. By using Eq. (6), then the interface
conditions in Eq. (4) can be re-expressed into

dn(D) + (“’V”—

mt 1l K+l

Ky + 1

) bR/ 0)

KN+1

Ky + 1 ) a&(R%/) £

=¢/m+l(§)+< Km+1 w,(g)

K1+ 1

(=R, [m=2~(N-1)] (8)

In view of Eq. (8), we then introduce another analytic function
() defined by
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1 1\_
(D)= (D) + 2("”:1 :NI:I)%(Rf/é)
Jt
N-1 1 1
=wm(§)+2(”“ A )«/JO(RZ@
o K+l K+
ky+1  ky+1 @RI
_%(KH ,+1+1> i
[m=3~(N-1)]

— (0 - 2("”” S0 )

Ky + 1 )a(R,?/g)
+ 1 Kj+1 + 1

w'({)
It can be easily observed that () is also continuous across
the interfaces |{|=R,, [m=2~ (N-1)] and then analytic within the

region |{| > R, except at infinity. The singular behavior of ({) at
infinity is

N-1
9o(0) = {B S R‘z("””

= Ki+ 1

KN+

)}mm LR

(10)

]+1+1

where the complex constant B is related to the remote uniform
stresses through B=c (0, —0 +2i0,)/4.

To ensure the uniform stress field inside the elliptical inhomo-
geneity, we have to assume that ¢;({) and #,({) must take the
following forms:

H(O=DE+EN, y(Q)=EC+ (11)

where D and E are two constants to be determined. Our task
below is to determine D and E. The continuity conditions of trac-
tions and displacements across the inner interface |¢{|=R, can be
expressed into

(é“)
@' (R{1Q)

=(D+D+RPE){+(D+D+RE)!

o) + — BRI + h(R1IL)

0= = 1(32 B0 - TR0
=T(kD-D-RVE){+T(kxD-D-RIE),", |{=R

(12)

where I'=uy/ ;. The above can be equivalently expressed in
terms of () and (L) as

KN+1 <KN+1 KN+1) (Rz) Ky + 1

Al —

60(0) - 2 T e 1)% P

+1 — Ky + 1
RARIES ) {+| RB+A™Y

j+1+1 K2+1

N-1

K +1 Ky+ 1

_AR22R‘2( i al )—(D+D+R2E)
= K+1 Kiw+ 1

_Eﬁ(KN-Fl

Ri\kj+1

ky+t1 o) - R
2+1_’(R2/§)¢0( V- [ [

_2 (KN+1 —KN+1):|—(D+5+RIZE):|§+|:R%§

KN+1
K2+1

=— (R -

Ki+1 K+l

Transactions of the ASME

Downloaded 04 May 2010 to 171.66.16.45. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



Ky + 1_ N _Q(KN+1 KN+1> . _ v+l w()) - Ky + 1

+AK2+1 ARJEZR K+ 1 ]+1+1 :|(’ |§|_Rl %(R 19 + +1_'(R2/{)¢0(R/§)_ A o+ 1
(13)

_2 (KN+1 KN—H>:|_(D+5+RT2E_-) §+|:R%E

Ki+1 K+l

Ky+ 1 ky+ 1 ky+1 R?
oot g+ E(L— - )cb(—%) o

kKi+1 ki +1 R? -
=2 2T 1 ! AKN+1_AE Rifky+1  wy+1 , 6
( 1) N_IRZ 1 1 * Ky+ 1 R\ ki+1 ki +1 & (16)
Ko ( Ky + Kyt Ky + — =2 +
—A 2#_'_ E _é(N__ N ) {_ R%B J J ] i
Ky+ 1 2R K+l K+l

+1 +1 +1 —
ARt —ARZE ‘2( il il ) +T(c,D-D

Ky + K+1 Kig+1 Ky(ky+ 1 ky+1  ky+1 R2
2 =2 Kjr1 2( N )¢0(§) E Kyt1 N ¢0
o +1 Kiw +1
~RiE) | = do(R1I) + — s BRI N-1
+1 &' (R? 2 B
Ky (RY/Q) _ KZ(KN+1)+EI_3é KN+1_ ky+ 1 4 R%B
N-1 5 Ko+ 1 SR\ K+ K+
Ky(ky+1) Rifry+1  ky+1 /
_ LS LR I
K+ 1 - RY Ki+1 ,-+1+1

+1 N_IRZ +1 +1
K, K, K,
pANT _1<N__N_)

2
K+ 1 =K K+l K+l

_ _ — +1 +1
-b —RIZE)} (- {R%B +AKN+ 1 —AR22 R‘2< il
K2

i+ 1 _ _
+F(K,D—D—R%E):|{‘l (17)
Ky+ 1
- N—)}(‘, =R, (14)
Kj+l +1
Apparently the left-hand side of Eq. (13) and that of Eq. (14)
are analytic outside the circle |{|=R, including the point at infin- w(?) Koty + 1)
ity, while the right-hand side of Eq. (13) and that of Eq. (14) are W(RYD) + —=— (R Rl = A
analytic within the circle |{|=R;. Consequently the two sides of Ky + 1 (RY/0) Ky+1

both Egs. (13) and (14) should be identically zero such that

2
K””qso(g) E(K”—”— ot 1 )qso(gég):AlK”—”
1

Ki+1 K+l K+ 1

N-1
+1 R ky+1 ky+1
B + RZB AN —A _1<N__N—> 1
_E (KN+1 KN_H) o R%B+AKN+1 l K+ 1 %Rz. Ki+1 K+ 1 &
Ki+1 K+ 1 K+ 1 ==

+E (KN+1 vt )] —F(KID—B—RIZE):|§

Ki+1 K+ 1

(18)

N1
—AE &(KN_H Kyt 1 ) B (D+5+R%E) (15 The solutions of ¢y({) can be easily obtained from Egs. (15)
K+l K+l and (17) as

+1 R; +1 +1 _ _
RiB+A~ il E—(K’V - )—(D+D+R%E)
- R’ K+l K+l ,
¢O(§)=A§_ N-1 5 g_ (19)
Ky+1 &(KN_“ KN_“)
K+l SR\ KGHL kg + ]

N-1
R2§+AKN_+1—AE R_%(KN_H_KN—H> +1“(KD_5_R2E_')
: Ky+ 1 = R? K+l K+l ! :
¢0(§) = Ag + N-1 5 g—l (20)
KZ(KN+1)+E&<KN+1 Ky + 1 )
K2+1 j=2 RJZ Kj+] Kj+]+1

In fact, the above two expressions of ¢y({) must be exactly the same, then we arrive at the following relationship between the two
constants D and E:
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N-1
R%E+AKN+1 —Az Iﬁ(KN+1 _ Kky+1
K

_ -
1 2 2 )—(D+D+R1E) RiB+A
I

N-1
1 R ky+1 +1 _ _
MRS I(KN— v >+F(KlD—D—R%E)

SR\ G+ K+ K+l TSR\ KGHL K+

- NoT = N1
Ky+ 1 ER(KN+1 KN+1> K2(KN+1)+E&<KN+1 KN+1)
K+l SR\ K+ Ky + 1 SR L K+l

21

In addition the two expressions of @O(R%/§)+((KN+1)/(K2+1))(w({)/((T)’(R%/{)))(?)é(R%/{) obtained in Egs. (16) and (18) also must
be exactly the same; we then obtain the following simple relationship between D and E:

RI(1+Tk) -, ARj(ky+1)
=L U p_RIp 4 — L 22
r-1 ! 1-T 2)
The two constants D and E can then be uniquely obtained from Egs. (21) and (22) as follows:

1
R’;’(F—1)Re{15e}+A(KN+1){13‘1‘+(r—1)(1<"1‘+1)[1 —2 ( - ;+1+1>”

Retb} = 1 R} 1 1
2C=1)+RIQ+Tk =)+ (T =12+ Tk, D) (R} = 1) KH-E;;(KH-K +1)|
1 j=1 BGAK; j+1
2
— R¥(1- F)Irn{B} 23)
1
S RSP S |
4 _ _ 2 _ _ 1 )
R}(2+Tk, - )Re{B} 2R1A(KN+1)|:1 (2+Tk, F)[ P 2R2<K+1 P ”
Relb)= 1 R 1 1
2C=D)+RN2+Tk =)+ (T=1)2+Tk, -T)(R - 1) K1+1_EP(K+1_;«1+1>
j=1 Y Jt+
4
Im{E} = R| Im{B}

N-1

1 R} 1 1 24
Ri‘+(r—1)<R?—1>{ﬁ—2R—%< - )J

= K+l K+l

The uniform stress field within the elliptical inhomogeneity is given by

_ 4Re{D} -2 Re{E} _ 4Re{D}+2 Re{E}

XX
c

_2Im{E} Rio?,

- (25)
RSN I )
Ry+ (- DR - {]H ZRz(K+] »+1+1J

In addition the rigid-body rotation of the elliptical inhomogeneity can also be explicitly determined as

Cc

(k; + 1) Im{D} R}(1-T)o"
=— = Nl)l N (26)
o 2| R+ (M= DR = 1)| —— Z&< ! ! )
M ! ! K|+1 j:le2 K+1 j+1+1
which is always zero when I'=1 or u;=puy.
[
The condition for the internal uniform stress field to be hydro- STy = O,
static is E=0, or equivalently Ri——=
ot oy,
U:‘Y_U§V=RIZ(KN+1) (1-T)(k = 1) _ (k3+ 1) (ky=1 =Tk +T) + p(k3— k) (2+Tk; = T)
Tt oy, (ky+1)2+ Tk =T

(K2+ 1)(2 + rKl - F)
N-1

2 (28)
+E%( 1 )} 05,=0 (27)
=t B

ki1 K+ where szf/ R%. Equation (28) just recovers Ru’s result [4] for
’ ’ the case of B,=1.

Now that we have determined the two constants D and E, as a

For N=3, the above condition reduces to
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result the two introduced analytic functions ¢y({) and ¢({) have
been completely obtained. The original analytic functions ¢,,({)
and ¢,,,({) (m=2~N) defined in the interphases and in the matrix
can then be determined from Egs. (6) and (9).

4 Conclusions and Discussions

We derived the internal uniform stresses and rigid-body rotation
for an N-phase elliptical inhomogeneity with (N—1) confocal el-
liptical interfaces subjected to remote uniform in-plane stresses. In
this research we only considered the case in which the interphases
and the matrix possess the same shear modulus. In fact, the inter-
nal stress field is also uniform when the interphases and the inho-
mogeneity possess the same shear modulus. In this case the mean

stress (0, +0y,) is constant within each interphase. The conclu-
sion of the uniform stress field inside the elliptical inhomogeneity
is still valid in a more complex setting in which the inner portion
of the interphases and the inhomogeneity possess the same shear
modulus while the outer portion of the interphases and the matrix
possess the same shear modulus. More specifically we assume that
the (M —1) inner interphases S, (m=2~ M) and the inhomogene-
ity possess the same shear modulus, and that the rest (N—M—1)
outer interphases S,, [m=(M+1)~(N—-1)] and the surrounding
matrix possess the same shear modulus. We found that even
though the expressions of the internal stress components o, and
oy, are rather tedious, the internal shear stress and the rigid-body
rotation can still be concisely determined as

Ry07,
oy e 9)
1 R 1 1
R+ -1D(R -1 - —M( - )
M ( )( M )\‘KM‘Fl j:EA/IRjZ Kj+1 Kj+]+1
R3(1-T)o”

E=
2M1F{RL +(T=1)(Ry,-1)

which indicate that the shear stress and rotation within the inho-
mogeneity are independent of Poisson’s ratios v,, (m=1~M) of
the inhomogeneity and the (M —1) inner interphases.

In this work we discussed the layered inhomogeneity problem
in the mapped {-plane. The inhomogeneity problems can be more
conveniently discussed in the original z-plane when the whole
composite possesses a constant shear modulus. As demonstra-
tions, we consider in Appendix A an arbitrary number of arbitrary
shaped inhomogeneities embedded in an infinite matrix and in
Appendix B an N-phase inhomogeneity with (N—1) interfaces of
arbitrary shape. Furthermore the results in the main body and in
Appendixes A and B can be further extended to finite plane strain
deformations of compressible hyperelastic harmonic materials
(see Appendix C).
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Appendix A: Interacting Arbitrary Shaped
Inhomogeneities

Now we consider N arbitrary shaped inhomogeneities embed-
ded in an unbounded matrix. Let S; (i=1-N) and S,, denote the N
inhomogeneities and their surrounding matrix I'; (i=1-N) the
perfect interface separating S; and S,,. All of the inhomogeneities
and the matrix possess the same shear modulus. The matrix is
subjected to remote uniform stresses. In the following the sub-
scripts i (i=1-N) and m are used to identify the associated quan-
tities in S; (i=1-N) and S,,. The boundary conditions along the
interfaces I'; (i=1-N) can be expressed into
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N . (30)
R CE—
ky+l Sy R\K+1 Ky +1

$i(2) +26](@) + 1i(2) = $(2) +26,(2) + 1, (2),

Kihi(2) = 2] (2) = (2 = K h(2) = 281, (2) = Phu2),
(i=1-N) (A1)
Adding together the two expressions in Eq. (A1), we obtain

zel;

K+ 1

Dn(2) = diz), zel;, (i=1-N) (A2)
K+ 1
It is apparent from the above expression that
Ky + 1 )
#i(z) = Iz, zeS, (i=1-N)
K+ 1
on(2) =Tz, z€eS§, (A3)

where I'=(07  + 0, )/4. Once we obtain ¢;(z) and ¢,,(z), Eq. (A1)
can be re-expressed into

K — Ki .

n(2) = ¢(2) +2F:Di(1), zel; (i=1-N) (Ad)

1

where 7=D,(z) along the interface I'; (i=1-N). In addition D(z)
is analytic in the exterior of I'; except at infinity where it has a
pole of finite degree D;(z)=Pi(z)+o(1), |z]—c [9]. It is more
reasonable to write Eq. (A4) into the following form:

Yn(2) T2 = 2T 251D (1) - P(2)]
K+ 1

1

K; — K,
=/ B L ZFMP ,
vi) ¢ K+ 1 (@)

]

zel; (i=1-N)
(A5)

where F’=(Ufy—a'fx+ 2io,)/2. In view of the above expression,
we then introduce an analytic function (z) defined by
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Yiz) -1z~ or™

o(2) = S fnp (g) -2 E —+1[D (2)

l+1 j=lj#i "

~P@] (i=1-N)

= (2) -T2z~ er —‘[D(z) P{2)]

Jj=1 j

(A6)

Apparently the above introduced i(z) is continuous across the
interfaces I';, (i=1-N) and then analytic in the whole z-plane
including the point at infinity. As a result we arrive at

Y(e) =Tz + 202 p (1) 4 oT 2 —l[ (2)
K+ 1 +1

i Jj=lj#i Kj

- P(2)], (i=1-N)

zeSs;

N

Ky — K

Unl@)=T'2+ 202 D@ = P2)]. 2 €S, (A7)
=1 %

In the following we consider several special cases. First we

consider an isolated arbitrary shaped inhomogeneity S;. In this
case it follows from Eq. (A7) that

I’ z+2F

(2) = P 1(2),

z €S

() =Tz 420" +f‘ D@ -P@] z€S, (A8)

We observe from Egs. (A3) and (A8) that it is very simple to
calculate the stress field inside an isolated inhomogeneity because
the polynomial P(z) can be explicitly determined [9]. It is ob-
served from Eq. (A8) that the stress field inside the inhomogeneity
is uniform only when the interface is an ellipse. When the inho-
mogeneity and the matrix have different shear moduli, we have to
resort to the complicated Faber polynomials [5].

Second we consider the problem of two circular inhomogene-
ities embedded in an unbounded matrix. One circular inhomoge-
neity S; of radius R; is centered at z=z;, and the other circular
inhomogeneity S, of radius R, is centered at z=z,. The analytic
functions in the composite can be easily derived as

Z(Km — KZ) FR%

d1(2) = FZs P(z)=T"z+ , Z€ES$
K+l z2-2,
2(k,, — K I'R?
b,(2) = FZ, h(z)=T"z+ M_l, ze S,
kKi+1l z-z4
2(k,, — K I'R?
bu(2) =Tz, 4, (2)=T"z+ ( v TRy
Ki+1 z-z
2(k,, — ky) TR’
+ M_z ze Sm (A9)

K2+1 Z_Z2,

which clearly indicate the nonuniform stress field inside each of
the inhomogeneities due to the perturbation caused by the neigh-
boring inhomogeneity.

If all the interfaces are circular, the loading is not confined to
remote uniform stresses. In fact, when there is an arbitrary type
singularity (e.g., an edge dislocation, a line force, a moment, or
even an Eshelby inclusion of arbitrary shape [9,10]) located in the
matrix, the singular behaviors of ¢,,(z) and #,,(z) are given by

() =fo(2),  ¥(2) =go(2) (A10)

As a result the analytic functions in the N circular inhomoge-
neities can be derived as
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dilz) = )

Ki = Ky Rlz[f(’)(z) _f(’)(zi)] " Ki— K

m— pr
i\Z) = zZ)+ ZiJo\Z),
o) =) + S RO
N !
. E {Km_Kjfo< R; Z) Km—KjR/sz(Zj):|
Jiry el REVE S R T A

zeS, (i=1-N) (All)

and those in the matrix are

hn(2) = fo(2)

N 2
Ul =200+ D) [—lfo(_—R': + z,)

= +1 zZ;

= R(z) O(Z’)}, zes, (A12)

K+1 -3z

where R; and z; are the radius and center coordinate of the circular
inhomogeneity S;. It can be easily checked from Egs. (A1l) and
(A12) that ¢,(z) and ¢;(z) are regular, whereas ¢,,(z) and i,,(z)
exhibit the singular behaviors f((z) and g¢(z), respectively.

The above expressions (Al1) and (A12) indicate that once the
analytic functions fy(z) and go(z) for a singularity in a homoge-
neous matrix material are known, the solutions to the problem of
the singularity interacting with the N circular inhomogeneities can
be written down immediately by using Egs. (A11) and (A12). This
result is remarkable and attractive even though the assumption of
equal shear modulus has been made! As a check Eq. (A9) can also
be obtained from Egs. (A11) and (A12) by taking into mind that

fo(z)=T"z and gy(z)=T"z.

Remark 1. In Hill’s discussion [7], Hill stated that the problem
can be fully solved when all the phases comprising the composite
possess equal shear modulus but different Poisson’s ratios. The
original problem is reduced to the determination of the gravita-
tional (or harmonic) potential ¢. In order to obtain the gravita-
tional potential ¢, we have to carry out a volume integral
[ydv/[r=r'|, where V is the volume occupied by the misfitting
inclusion with uniform volumetric eigenstrains [11]. If the shapes
of the inhomogeneities are arbitrary and irregular, the volume in-
tegral is still difficult to obtain, especially for the points outside
the inhomogeneities. On the other hand, when addressing two-
dimensional (2D) Eshelby inclusions of arbitrary shape, however,
the complex variable method provides a powerful tool [9]. The
above analysis and the ensuing one in Appendix B demonstrate
that the 2D inhomogeneity problem can be easily solved even the
shape of the interface is arbitrary.

Appendix B: N-Phase Inhomogeneities With (V-1) In-
terfaces of Arbitrary Shape

Similar to the discussion in the main body, here we consider an
N-phase inhomogeneity with (N-1) interfaces. Let S}, S, [m=2
~(N-1)], and Sy denote the inhomogeneity, the (N-2) inter-
phases, and the unbounded matrix, all of which are perfectly
bonded through the (N-1) interfaces I',, [m=1~(N-1)]. In the
following discussion we will adopt the notation rule specified in
Sec. 2. Now all the interfaces are of arbitrary shape, the interface
I',, is always surrounded by the interface I',,, |, and all the N
phases possess the same shear modulus. The matrix is subjected to
remote uniform stresses. The boundary conditions along the inter-
faces T',, [m=1~(N-1)] can be expressed into
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B+ 28,(2) + 1(2) = Bt (D) + 2111 (D) + U (),
K D2 = 20(2) = (D) = K1 Bt () = 261,01 (D) = Yy (2),
zel, [m=1~(N-1)] (B1)
Adding together the two expressions in Eq. (B1), we obtain
(K + D) (2) = (Kpps1 + 1) i1 (2), [m=1~N-1)]
(B2)

zel,

It is apparent from the above expression that

1
dule) =T,

K

ze S, (m=1~N) (B3)

where I'=(07, +0' )/4 Once we obtain ¢,,(z), Eq. (B1) can be
re-expressed into

¢m<z>—2r(K”—” "””)P ()= s (2) - 2r(“””
Kpsi+ 1 k,+1 't 1
P )[D (2)= P, (2)]
zel, [m=1~@W-1)] (B4)

where 7=D,,(z) along the interface T, [m=1~(N-1)]. In addi-
tion D,,(z) is analytic in the exterior of I',, except at infinity where
it has a pole of finite degree D,,(z)=P — o0, In view

of the above expression, we then introduce an analytic function
p(z) defined by

N-1
Kky+ 1 ky+ 1
Yo(2) = h(2) - T'z-2I' 2, P,(z)( = >=wm(z)

= K+l ki+1

N-1 1 1 m—1 1

KN+ KN+ KN+
-I"z-2I' >, P(z -— =2

¢ Z:m J(Z)(Kj+1+1 Kj+1) %(Kj+1

LA )[D,-<z>—P,<z>] [m=2—(N=-1)]
+1

Kj+1

KN+1 Kky+1

=y(z)-T"z- er( )[D(z) Pi(2)]

VKL Kt

(B5)

where T =(o7, —a " +2i0,)/2. Apparently #(z) is continuous
across all the (N 1) 1nterfaces I, [m=1~(N-1)] and then ana-

Iytic in the whole z-plane including the point at infinity. Thus
(z)=0. Consequently we arrive at

N-1

()= r'z+zr2 Pi(z )(

KN+1

+1
_"N_), zes,

j+1+1 Kj+1

N-1 m—1

+1 +1
Yu(2) =T"z+2I, P,-(z)( NN ) ZFED(Z)
P K+l Ki+1
+1 +1
A 2] es, me2-wen)
i j+1
N-1 . .
Ky + Ky +
lij(z)zl"’z+2F2 <N— N—)[D (2)-Pi(d)], zeSy
1 Kj+l Kig +

(B6)

It is observed from the first expression of Eq. (B6) that the
internal stresses are still uniform when all the interfaces are el-
lipses (here the elliptical interfaces are not confined to confocal
and the centers of the ellipses are not necessarily common). More
specifically here we assume that the semimajor and semiminor

Journal of Applied Mechanics

Downloaded 04 May 2010 to 171.66.16.45. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm

axes of the ellipse I',, are, respectively, a,, and b,,, and the major
axis of the ellipse T, is at an angle 6,, (|6,|=m/2) with the
positive x-axis. In this case i;(z) can be simply determined as

-b;[ ky+1 ky+1
I’'+2T -2i0; 4; J( N _ N ) , S
(2= Z|: 26 a+b K+l g+ 1 Lem
(B7)

which clearly indicates that the internal stress field is uniform.
Consequently the condition for the internal uniform stress field to
be hydrostatic can be derived as

N-1

o —b; +1 +1
it S ettt s
Totoy o aj+b\ ki+1 ki +1
208« —b 1 1

; + +

—)— Esm(Zﬂ) i J( v _ A ) (B8)

oo t0 oS- b\ K+ 1 K+

which is consistent with Eq. (27) if all the interfaces are confocal.
Furthermore it is also observed from the first expression of Eq.
(B6) that the uniformity of the internal stresses for an inhomoge-
neity with nonelliptical interfaces is possible if the higher-order
terms in i,(z) are canceled out.

If all the interfaces are circular, simple and closed-form solu-
tions still exist for an arbitrary type singularity located in the
matrix. The singular behaviors of ¢y(z) and ¢y(z) are given by

dn(2) = fo(2), Un(2) =g0(2) (B9)
Thus we have
¢m ZESm (m=1~N)
i +1 +1
(2) = go(2) + 21 (ﬁ - Kfj 1 ) [f;fé(z)
L RilAQ) —fé(zj)]], Cs
Z—ZJ'
= +1 +1
_ K+l Ky
¢m(Z)—g0(Z)+j_2m(Kj+l+] Py )[Z;fo
JLATE) —fé(Z«)]] S ( kytl kbl )
-3 RN ER SR
{f ()(—RzL +z; ) R—J—zfé(zj) } s
Z Z/ =%
zeS,, [m=2~(N-1)] (B10)

KN+1

2
KN+1) ( R, )
— +7.
Ki+1 K+ 1 [fo 7-7; <

]

N-1
Un(2) = golz) + E (

j=1
(B11)

where R,, and z,, are the radius and center coordinate of the circle

r

me

Appendix C: Extension to Harmonic Materials

Interestingly the results in the main body and in Appendixes A
and B can be simply extended to finite plane strain deformations
of compressible hyperelastic harmonic materials [12-15]. Let the
complex variable z=x;+ix, be the initial coordinates of a material
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particle in the undeformed configuration and w(z)=y,(z)+iy,(z)
the corresponding spatial coordinates in the deformed configura-
tion. Define the deformation gradient tensor as
9yi
F;i= Cl
= ox, (S
For a particular class of harmonic materials, the strain energy
density W defined with respect to the undeformed unit area can be
expressed by

1 _—
W=2u[F(I)-J], F'(I)= 4—[1+ VP -16aB8]  (C2)
a
Here I and J are the scalar invariants of FFT given by
I=)\1+)\2= V’FijFij+2J’ J=)\])\2=det[F] (C3)

where \; and \, are the principal stretches, w is the shear modu-
lus, and 1/2=a <1, B>0 are two material constants.

According to the formulation developed by Ru [14], the defor-
mation w(z) can be written in terms of two analytic functions ¢(z)
and ¥(z) as

iw(z) = ap(z) + ilz) + ',BZ (C4)
¢'(2)
and the complex Piola stress function y(z) is given by
e =zm[< - ete) + 9h3) + (3)

In addition, the Piola stress components can be written in terms
of the Piola stress function y as

— 0y +i0 = X2 Op—i0p=X, (Co)

In the following we endeavor to extend the results in the main
body and in Appendixes A and B to hyperelastic harmonic mate-
rials.

C.1 N-Phase Elliptical Inhomogeneities With Internal
Uniform Stresses in Finite Plane Elastostatics. As an extension
of the results in the main body, we first address an N-phase ellip-
tical inhomogeneity with internal uniform stresses in finite plane
elastostatics. The problem discussed below is similar to that ad-
dressed in the main body except that now the composite is com-
posed of harmonic materials. The (N-2) interphases and the ma-
trix possess the same shear modulus, and the formed (N-1)
interfaces are confocal.

The boundary conditions along the outer (N—2) interfaces |{|
=R,, [m=2~(N-1)] can be expressed as

B (Qw(0)

@0 + 114, (0) +

= am+l§0m+l(£) + i‘/’m+l(§)

@n(0)
:Bm+lw (()w(g)
(Pm+1(§)
(am - 1)¢m(§) + ”!jm(é‘) + M - ( Ayl — 1)§Dm+l(é’)
@0
biter(@ + o900 -y 2~ (v- 1))
€0m+1(§)
(C7)
Subtracting (C7), from (C7), yields

(Pm(o = ¢m+l(§)v |§| =Rm [m =2~ (N_ 1)] (CS)

which implies that the introduced function ¢y({)=¢,,({) (m=2
~N) is continuous across the interfaces |{|=R,, [m=2~(N-1)]
and then analytic within the region |¢|> R, except at infinity. The
singular behavior of ¢y(z) at infinity is
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0= c+ol), | —= (©9)

where the two complex constants A and B are related to the re-

mote uniform Piola stresses o7, 05, 075, and o5, through the
following relations:

— oy +ioy = ZMN{(I —ay)A+iB - %:|

(C10)
A

Now that the interface conditions in Eq. (C7) can be re-
expressed into

io5 + 0'°1°2=2,U,N[(1 —ay)A—-iB- 'BN:|

am+l)‘_pO(R§1/g)
(Bm+l Bm)w,(g)w(R /g)
®(0)

lpm(g) + l(am -

- (!/m+](£) +1

(=R, [m=2~@N-1)] (C11)
In view of Eq. (C11), we then introduce another analytic func-
tion iy(¢) defined by
N-1

() = 9l 0) +1 2 (e = e ) Go(R3E)
j=2

N-1
= (0 +i 2 (@ — a,) F(RYL)
Jj=m
(Bja1 = B)o' (Qa(R/E)
jzz <Po(§)

[m=3~(N—1)]

(B]H Bj)w ({)w(RZ/é«)
3 sty

It can be easily observed from the above expression that i({)
is also continuous across the interfaces |{|=R,, [m=2~(N-1)]
and then analytic within the region |{|> R, except at infinity. The
singular behavior of ,({) at infinity is

=y(Q) +i (C12)

(0 = +—2 R(Bjoa =By |L+o(1), [¢— o

(C13)

To ensure the uniform Piola stress field inside the elliptical
inhomogeneity, we have to assume that ¢,(¢) and () must take
the following forms:

e (Q=D+", WO =EL+

where D and E and two complex constants to be determined. The
boundary conditions along the inner interface |{|=R; can be ex-
pressed into

(C14)

0@:(0) +ith(0) + M
®(0)
<a1D+ iER} + ﬁl—){+ <a1D+ iER? + Bic” )_z;l
4D b
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Brw' (Dw(d) Apparently the left-hand side of Eq. (C16) and that of Eq.
(C17) are analytic outside the circle |{|=R; including the point at

(aa = Dea(d) + im+

(0 infinity, while the right-hand side of Eqgs. (C16) and that of Eq.
= Bic? (C17) are analytic within the circle |{|=R,. Consequently the two
=I' (a; - 1)D +iER\" + E { sides of both Egs. (C16) and (C17) should be identically zero such
that
+F((a1_ DoER D )Cl a=r 043 (- e )= 2| s S B
4D e 5120} pt i1~ @) Pg R2 5 @ = R%
(c15) L
where I'=pu;/uy. The above can be equivalently expressed in - aj):|§— lw c— E 2(ﬁ,+1 ,8] (
terms of ¢y({) and ¢({) as 2 24 242 R;
o R\ A Or » B\ |
a,@(8) + 2 (@1 - aj)¢0<Eé§) -S| + E I_Qé(ajﬂ +iER} + 5 ) T (C138)
J=2 j=2
KB by R kg B2 D0
—a)](+|:T Z 2A122R (BJH ﬁj) i(RY/{) + ‘ﬁo(R%/g)
_ 2 A Mg
= 3102):| ) ,825/(1?%/0(0(5) = aD+iER_2+BI—C—C— @ +2—L(a- -a) | |¢
HIER + == | | == ighy(RY Q) = —— =5 = ! "Tup 2 T ar
4b Bo(RY/2) b =
N-1 icR2B B
A R [eRiB  <Pr !
+|:0(1D+1ERI2 lilli) 62 |:a2+22R%( aj):|:|£ +|: 2 o1 A_/EzRZ(ﬁJ+1 B] :|§— (C19)
J=
N-1
.25 cA
+[#+Cz—iz CZRIER_Z(ﬁm Ig})](' =R, (a —1)€Do(§)+2( ey — a)@o(R2§>‘_[(a2—1)
j=2
(C16) < R cR2B
+2 Elz'(aj+l—aj):|§_ |:lc21 C_A ;2 R2(B/+l
N-1 j=2 "1 Jj=2
(@ —I)KPO(O"’E(%H a)‘PO(Rzg) > |:(az—1) _ Bcz
—ﬁj)—r((al - 1)D+iER%+4‘—5) ! (C20)
N-1 —
icRiB By, RS 5
+2R2(“7” a)} { 2 "oa 2A/22R - ih(RYL) + —Bza’(R%/f)w@
5 ®(Ry/9)
—/3,-)—r<(a1 - 1)D+iER%+B1—f>]:1 =— ifhy(R7Q) _ L, B\ A
4D =| I (a; - 1)D +iER} +E - (ay—1)
B (R w(8) [ ( P Blcz) _
- L T (@ - DD +ER? + B -
@o(RYI0) “ b +E Rz(aﬁ1 ”g+ [#+Z—iﬁ
N-1 —
cA R? icR2B ¢,
- (-1 +> “L(a; —a»)]]{+ [—1+—_
2 [ =0 2 24 +—AE 2<ﬁ,+1 B) | (c21)
2 N- j=2
+ 122 R;z(ﬁjﬂ - ﬁj)] 'l =R, (C17) glzecsgiutions of ¢y({) can be easily obtained from Egs. (C18)
j an as

N- l

. 25 2

CRIE By, SR - (aID +iER+ BE )
cA 2 24 240K 4D )

@) = S ¢- e (C22)

R}
a+ 2 P(aﬂl
=2

- 525 2

LI S TP r(<a1—1>D+zER2 Blf)

cA 2 24 2 Ao R 4D /)

@(¢) = 75 - raT— . (C23)

Ry
a-1+ 2 P(ajﬂ
Jj=2 7
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The compatibility condition of ¢y(¢) and that of 11//0(R2/ )+ Bro’ (Rz/g)w(g)/

(Rz/g“) will yield

icR?B ¢ Bic?\ icR’B ¢ — ., B
B By E z(ﬁ,ﬂ B) - (aIDHERz Be) KRB b, E 2(,8,+1 B) - T( ()= DD +iER} + =—
2 24 2A,2R ap ) 2 24 2A,2R 4D
R’ R’
@ + Z R_;(ajﬂ a-1+ Z R_;(aj+l
=27 =2 B
(C24)
_ (-1 -T R’ CcR’A
i 1)0; gp- PR e (C25)
- 4D (1-T)

The two unknowns D and E can then be determined by solving the above two nonlinear equations. The above analysis demonstrates
that the Piola stresses within the N-phase elliptical inhomogeneity are uniform. Interestingly the existence of the internal uniform
hydrostatic Piola stresses (0;=07,, 0,=0%;=0) can be further discussed.

Remark 2. Similar to the discussion in Ref. [15], the following condition must be satisfied:

@) #0,

or equivalently

2 _
RZB+'82+ 2 2(B,+1 B_,-)—;(alD+iER?+

A AJZ

lg>1 (C26)

/3_>
4D

A#-

22 =1 (C27)

2
a + E /+1

C.2 N Interacting Arbitrary Shaped Inhomogeneities in
Finite Plane Elastostatics. As an extension of the results in Ap-
pendix A, we next address N arbitrary shaped inhomogeneities
embedded in an unbounded matrix within the framework of finite
deformation of harmonic materials. Let S; (j=1-N) and S, de-
note the N inhomogeneities and their surrounding matrix, I'; (j
=1-N) the perfect interface separating S; and S,,. All of the in-
homogeneities and the matrix possess the same shear modulus. In
addition the matrix is subjected to remote uniform Piola stresses
01}, Op, T1p and o,. The boundary conditions along the inter-
faces I'; (j=1-N) can be expressed into

02) + 1) + L = a0 (2) i) + L2
iz ®,(2)

(e = Dgy(2) +it5(0) + —h (= 1) (2) + @) + ff"(l -
zel; (j=1-N) (C28)
Subtracting (C28), from (C28), yields
¢ =¢,(2), zel;, (j=1-N) (C29)
which implies that
en2)=¢i(z)=Az (j=1-N) (C30)

where the two complex constants A and B are related to the re-
mote uniform Piola stresses a7}, 05, 0, and o3, through the
following relations:

le

A

io5+ 07, = Zum{(l - a,)A—iB - 'im]

- 0-;01 + la-olcl = 21“Lm|:(1 m)A + lB

(C31)

Once we obtain ¢;(z) and ¢,,(z), Eq. (C28) can be re-expressed
into

041018-10 / Vol. 77, JULY 2010

o) - i[<am ~apis Bl ]P CEACE i[(a_,- - )

+ETB'"][D(Z> PL zeT, (=1-8) (C3)

Similar to the discussion in Appendix A, it follows from the
above expression that

N
l//j(z)sz+i[(am—aj)A+BmA Pu=b; :|P(Z)+l E |:(ak—am)g
k=%
+@}wk<z>—mz>l ces, G=1-N)

N
Un(D) =Bt i) [(ak ~ i+ B ”’}[Dk(z) P,
k=1

zesS, (C33)

C.3 N-Phase Inhomogeneities With (N-1) Interfaces of
Arbitrary Shape in Finite Plane Elastostatics. As an extension
of the results in Appendix B, we finally consider an N-phase in-
homogeneity with (N— 1) interfaces within the framework of finite
deformation of harmonic materials. All the interfaces are of arbi-
trary shape, and all the N phases possess the same shear modulus.
The boundary conditions along the interfaces T, [m=1~(N
—1)] separating phases S,, and S,,,; can be expressed into

Bm+lZ
’

am+l§0m+l(z) + i$m+l(z) +
qu+1(Z)

@ 0,(2) +ith,(2) + % =
@)
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(= 1)hp(2) + (@) + L2
¢,,(2)
= () 4 Lo
= (am+1 - 1)(Pm+1(z) + l¢m+1(z) + =,
¢n1+l(z)

[m=1~(N=-1)] (C34)

Subtracting (C34), from (C34), and applying Liouville’s theo-
rem, we finally obtain

zel,

on(2) = Az, (m=1~N)
where A and B have been determined by Eq. (C10).
Now that Eq. (C34) can be re-expressed into

lr//m(z) - i|:(am+l - a/m)lZ + W]Pm(Z)

zesS, (C35)

= () - i[(am A+ %][Dm@ P )]

[m=1~(N-1)] (C36)

Similar to the discussion in Appendix B, we can finally arrive at

zel,

N-1
h@)=Br+i PI(Z)|:(aj+l —a)A+ —J—LB“A_ 'B'], zes,
=1
N-1 i
lf//m(z)=BZ+lE PJ(Z)|:(aj+1 _a])A_—{— ,B-HA B[:|
j=1

m-1

+ iz Dj(z)[(aj— aﬁ])g + E‘TB&]’
=1

zeS, [m=2~(N-1)]
N-1 ~
n(z) = Bz + iE |:(aj - aj+1)g + ETEE} [Di(z) = P{(2)],
=1
ze Sy (C37)
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Apparently it is observed from the first expression of Eq. (C37)
that (i) the internal Piola stresses are still uniform when all the
interfaces are ellipses (here the elliptical interfaces are not con-
fined to confocal and the centers of the ellipses are not necessarily
common), and (ii) the uniformity of the internal Piola stresses for
an inhomogeneity with nonelliptical interfaces is possible if the
higher-order terms in ¢;(z) are canceled out. The above conclu-
sion is similar to that drawn in Appendix B.
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